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Introduction

Quantumgroupsappearedfirst as quantumalgebras,i.e., asone-parameterde-
formationsof the universalenvelopingalgebrasof complexsimpleLie algebras,
in the studyof the algebraicaspectsof quantumintegrablesystemsin thepapers
of Faddeev,Kulish, ReshetikhinandSklyanin [F, KR 1, KS,KRS,Si, S21. For
recentreviewswe referto refs. [FF2, FRT]. Thenquantumalgebrasrelatedto
trigonometricsolutionsof the quantumYang—Baxterequationwere axiomati-
cally introducedas (pseudo)quasi-triangularHopf algebrasindependentlyby
Drinfeld andJimbo[Dl, Ji, J2,D21. Themathematicsof theseobjectswasstud-
ied in refs. [Ri, R2, R3, Li, DK] (for more referenceson the representation
theory of quantum algebrascf. refs. [Dol—Do4]). Later, inspired by the
Knizhnik—ZamolodchikovequationsDrinfeld developeda theoryof formal de-
formationsandintroducedanewnotionof quasi-Hopfalgebras[D3].

Otherapproachesto quantumgroups,in whichthe objectsmaybecalledquan-
tum matrixgroupsandareHopfalgebrasin duality to the quantumalgebras,are
developedby Faddeev,ReshetikhinandTakhtajan[FRT], Manin [Ml, M2 I
andWoronowicz.The first approach,calledR-matrix approach,is basedon the
mainrelationofthequantuminversescatteringmethod.Therethequantumgroup
matricesM playedthe role of quantummonodromymatrices (with operator-
valued entries)of the auxiliary linear problemandthe Yang—Baxterequation
wasacompatibilityequation.Theapproachof Maninconsidersquantumgroups
which actas symmetriesof non-commutative,or quantum,spaces.Theresulting
objectsarethe sameasin the first approach.For theapproachofWoronowiczwe
referto ref. [W]. For the connectionsbetweenthe differentapproacheswerefer
the readerto refs. [Ri, Mj, DHL I. We shouldmentionalsothe developmentby
Wess Zuminoandcollaboratorsof differentialcalculuson quantumhyperplanes
(cf., e.g.,refs. [WZ, SWZ]).

Becauseof thelack of spacethesenotesrepresentonly thelecturesgivenby the
authorattheSchool.Theycan beviewedasan updateoftwo earlierlongreviews
[Do2, Do3]. Nevertheless,theselecturesareself-contained.

1. Preliminaries

1.1. HOPFALGEBRAS AND QUANTUM GROUPS

Let Fbe a field of characteristic0; in fact mostof the timewe shallwork with
F= C or F= P. An associativealgebracW overFwith unity 1 ~,is calledabialgebra
[A] if thereexisttwo algebrahomomorphismscalledco-multiplicationö:

ô:~1®~t’, ö(l5,)=l~®l5,, (l.la)
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andco-unit �:

~:4?i—~F, f(l~)=1 . (l.lb)

Theco-multiplication5 fulfills theaxiomof co-associativity:

(ô®id)~ö=(id®ö)oö, (1.ic)

wherebothsidesaremaps~‘li—~~® ‘W® oh; the two homomorphismsfulfil

(idøc)oô=i1 , (~®id)~ô=i2, ( l.ld)

as mapsohl—+F®°hand ohi—~‘W®F, respectively,where i1, ~2arethe mapsidenti-
fying ohi with %®F andF® ohl, respectively.Nexta bialgebra~11is calleda Hopf
algebra [A] if thereexistsan algebraantihomomorphismy calledantipode:

y:QI—~°&’,y(l~,)=l5,, (1.2a)

suchthat thefollowing axiomis fulfilled:

mo(id®y)oô=io�, (l.2b)

as mapsohi—~~W,wherem is the usualproduct in the algebra:m( Y®Z) = YZ, Y,
Zr °11and i is the naturalembeddingof F into ~W:i (c) =ci ~, ccF. The antipode
playsthe role of an inversealthoughthereis no requirementthat y

2 = id.

Oneneedsalsothe oppositeco-multiplication[J2, D2 ] ö’ = ir~ö, whereir is the
permutationin ohl® °le.If theantipodehasaninversethenoneusesalsothenotion
of oppositeantipode[J2, D2] : y’= y

A Hopfalgebra°liis called aquasi-triangularHopfalgebra or quantumgroup
[D2] if thereexists an invertible elementRaohI® °lI,calleduniversalR-matrix
[Dl, D2], whichintertwinesôandô’:

R5(Y)=ô’(Y)R, VYeohl, (l.3a)

andobeysalsotherelations

(ö®id)R=R
13R23, R=R.3, (l.3b)

(id®ô)R=R13R12, R=R1., (l.3c)

wherethe indicesindicatethe embeddingsofR into °l1®cW®ohl. Fromthe above
it follows that

(~®id)R=(id®�)R=l,,, (l.4a)

andusingalso(l.4a) onehas

(y®id)R=R~, (id®y)R
1=R. (l.4b)

The term quantumgroup is used [D2] alsoif R is not in °h®~1Ibut in some
completionof it (cf. nextsubsection).

From (1.3a) andoneof (1.3b,c) follows theYang—Baxterequationfor R:
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R12R13R23=R23R13R12. (1.5)

A quasi-triangularHopf algebrais called atriangular Hopfalgebraif alsothe
following holds:

nR~=R. (1.6)

1.2. QUANTUM ALGEBRAS

Fromnow on (unlessspecifiedotherwise) we setF=C. Let ~ be a complex
simpleLie algebra;thenthe q-deformationUq ( ~) of the universalenveloping
algebrasU( ~)is defined[Dl, Ji, J2,D2] asthe associativealgebraoverC with
generatorsX~, H,, i= 1, ..., 1= rank~ andwith relations

[H,,H1]=0, [H,,X]t]=±a,~X1~, (1.7)

H,/2 —

[X~, X1] =~~‘ 1/2 q, =ô,j[Hilq,, q1q((~~.c~~)/

2 (1.8)
q~ —q

1

~ (_l)k(~) (X X~~(X~y~k=0,i~j, (1.9)
k0

where(a,1)=(2(a1,a1)/(a,,a,)) is the Cartanmatrix of ~, (, ~) is the scalar
productof therootsnormalizedso thatfor theshortrootsa wehave(a, a)=2,
n= l—a,~,

[fl]q!

‘%.,k)q [k]q! [n—k]q! [m]q!= [m]q[m— 1 ]~“ [1 ]q, (l.lOa)

— qm/
2...q_tn/2 — sinh(mh/2) — sin(irmr)

[m]q_ qI/2_q_I/2 — sinh(h/2) — sin(irr)

q=ei~=e2~1t,h,TEC, (l.lOb)

(l.l0c)

Furtherweshallomit thesubscriptq in [m]q if no confusioncanarise.Notealso
that insteadof q someauthorsuseq’=q2. Thisdefinition is valid alsowhen ~ is
anaffine Kac—Moodyalgebra[Dl].

The algebrasUq ( ~) werecalledquantumgroups [Dl, D2], or quantumuni-
versalenvelopingalgebras [Re1, KiR 1]. For shortnesswe shall call themquan-
tum algebrasas is becomingcommonlyacceptedin therecentliterature.

For q—* 1 (h.-÷0),we recoverthe standardcommutationrelationsfrom (1.7),
(1.8) andSerre’s relationsfrom (1.9) in termsof the ChevalleygeneratorsH

1,
X~.The elementsH, spanthe Cartansubalgebra.~° of ~, while the elements
X~generatethe subalgebras~ We shallusethe standarddecompositionsinto
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directsumsof vectorsubspaces

~ ~±= ~

fl~4±
whereA=A ±uA is theroot systemof ~, andA~andA arethesetsof positive
andnegativeroots, respectively;A~will denotethe setof simplerootsof A. We
recallthatII~correspondto thesimplerootsa~of ~, andif /3” = >~n~a~’, /3 2/1/
(/1,/1), thento /3 therecorrespondsIIp= ~ n~H,.The elementsof ~ which span
~ (dim ~= 1) aredenotedby X4. TheseCartan—WeylgeneratorsH4, X4 [J1,
J2,Dol, Tl] maybenormalizedsothat

[X4, X_4] = [Hp]qp, [H4, X÷4,]= ±(/3”, /1’)X+4,,

fl,fl’eA~, q4~q(fl.fl)/
2. (1.11)

In someconsiderationsit is necessaryto useasubalgebraUq( ~) of Uq( ~)
generatedby X~and

K=q~”4 (1.12)

then (1.7) and (1.8) arereplacedby

K
1K~’=K~’K1=1, [K,,K~]=0, K,X~K=q~

4X~, (1.7’)

~ (1.8’)

OnemayalsouseinsteadofX/: thegenerators[R3]

~ F
1=X~q~

4=X~K,. (1.13)

In ref. [S2] for ~=sl(2, C) and in refs. [Dl, Ji, J2, D2] in generalit was
observedthatthealgebraUq ( ~) isaHopfalgebra,theco-multiplication,co-unit,
andantipodebeingdefinedon thegeneratorsof Uq(~) as follows:

~5(H~)=H
1®1+l®H1, ö(X~)=X~®q~

4+qiH1~/4®X~,(l.14a)

(l.14b)

y(H~)=—H,., y(X~)=—qq’2X/q’2=—q~”2X,t, (l.l4c)

where~5c~ correspondsto P=~>aE4±a, A~is the setof positive roots,p=
~ + H,~.Theactionof ö, ~, y on theCartan—Weylgeneratorsisobtainedeasily
from (1.14) sinceH

4 andX4 are givenalgebraicallyin termsof the Chevalley
generators.[Note that if a~A~the co-algebraoperationsô, y look more compli-
catedthan(1.14).] Theaxiomsin (1.1), (1.2) arefulfilled by the explicit defi-
nition (1.14).Theoppositeco-multiplicationandantipode[J2, D2] introduced
abovedefineaHopfalgebraUq( ~)‘ whichis relatedto Uq( ~) by

Uq(~)’Uq_i(~#). (1.15)
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In termsofthegeneratorsK~~,E., F,. theaboverelationsarerewrittenasfollows:

5(K1)=K1®K1, ô(E1)=E,®l+K1
2®E,,

ô(F
1)=F,®K~+l®F1, (i.l4a’)

, ~(E1)=�(F1)=0, (l.14b’)

y(E1)= —K~E1, y(F,)= —F1Kr
2. (l.14c’)

Onemayalsorewritethe Serrerelations(1.9) as [R3]:

(adqE,Y’(Ej)=0= (ad~F
1)~(1~,),i#j, (l.9’a)

where

adq:Uq(~)—*End(Uq(~)),adq=(L®R)(Id®y)ô, (l.9’b)

ad~:Uq(~)—*End(Uq(p—)) , ad’~=(L®R)(Id®y’)ô’, (l.9’c)

andL (R) is the left (right) representation.Furthermoreadq(E,) actsasatwisted

derivation:for X, YeUq ( ~) homogeneousof degreefi, ye ~“ wehave
adq(Ej)(XY)=adq(Ej)(X)Y+q”~°’~

2Xadq(Ej)(Y).

The actionof ad~(F,)on X, Ye Uq( ~ is definedanalogously.
For ~ = sl (2, C) theuniversalR-matrix is givenexplicitlyby [D2]

~l— —1\n n(n.—1)/4
R=q”®~4 ~ q / q (qH/4x±)n®(q_H/4x_)n (1.16)

[n].

whereH=H
1, X±=X~,r= 1.

NotethatthisR-matrixis not in Uq(sl(
2,C)) ® U~(sl(2,C)), sinceit contains

powerseriesinvolvingthegeneratorsX ~, but in somecompletionof it [in theh-
adictopologyusedin refs.[Dl, D2] (q= e”)]. This is valid for theR-matricesof
all Uq( ~). Hopfalgebraswith suchan R-matrixarecalledpseudoquasi-triangu-
lar Hopfalgebras [D2] or essentiallyquasi-triangularHopfalgebras[Mj]. For
~= sl ( n, C) an explicit formulafor R wasgivenin ref. [R3]. Thenexplicit mul-
tiplicative formulasfor Rweregiven in refs. [KiR2, LS] for all complexsimple
Lie algebras~ and in ref. [KT] for all finite-dimensionalsuperalgebraswith
symmetrizableCartanmatrices.

Thecentreof Uq( ~) andfor genericq the centreof Uq( ~) is generatedby q-
analoguesof the Casimiroperators[S2,Jl, J2].For ~=sl(2, C) onehas

C
2=[(H+1)/2]

2+XX~. (1.17)

For Uq(sl (n + 1, C)) the (second-order)Casimiroperatorwasgivenin ref. [MZ].

t.3. MATRIX QUANTUM GROUPS

Thequantumplane [Ml] Rq( n 0),or ratherthepolynomial ringon it, is gen-
eratedby coordinatesx,, i= 1, ..., n, with commutationrules
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x.x3=qU
2x~x

1,fori<j. (1.l8a)

The Grassmannianquantumplane [Ml] Rq(01 n) is generatedby coordinates
~,, i= 1, ..., n, whichsatisfy

~=0, ~1~=—q~
2~, fori<j. (l.18b)

Considernext nx n matricesM with non-commutingmatrix elements,or

quantummatrices,whichperformlineartransformationsof Rq( n 0) andRq(01 n):
{x’i,...,x,}eRq(nlO), x=M~x

1, (l.19a)

{~,...,~‘,,}eRq(0In), ~ (l.19b)

where one assumes that the elements of M commute with all x,, ~,. Implementa-
tion of (1.19)givesthefollowing restrictionsupontheelementsof M:

M,1M,1=q
112M,

1M,1, forj-’zl, (l.20a)

M,JMkJ=q~”
2Mk

1M,~, fori<k, (l.20b)

M,/MkJ = MkJM,t, for 1< k,1<!, (1 .20c)

[M,l,Mk/] = (q”
2—q”2)M

1/MkJ, for i<k,j-<l. (l.20d)

Let us denoteby Aq( n) the bialgebrageneratedby the matrix elementsM~,
i,j= 1, ..., n, with the following co-multiplicationôandco-unit~:

or o(M)=M~M, (l.2la)

~(Af,1)=ô~, or ~(7i4)=1,,, (l.21b)

where~ denotesthe tensorproductof algebrasandthe usualproductof matri-
ces,I,, is the unit nXn matrix.

Further,aquantumdeterminantis definedin the following way:

detqj=~ji4i,j,jij2...AIij~(~_qU
2)~1~ (1.22)

wherel( i
1, ..., i~)is the number of inversions in thepermutation(i1, ...~ in). Note

that

ö(detqM)=detqM®detqM, (l.23a)

�(detq Al) = ~ f(.A~111, )~~(Is41 ~ ( _ql/
2) 1(~i

= ~ ô
1,,, ~( _ql/

2) /(,i,..,i~)= 1 . ( l.23b)

It is easyto checkthat detqM commutes with the elements of M. Next let M’,
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M”eAq(n), andlet all elementsof M’ commutewith all elementsof M”. Then
both products M’M”, M”M’eAq(n) and detqM’M”=detqM”M’=detqM’
detqM” = detqM” detqM’. If detqM� 0thenonecanfind amatrixM’ which is
both left andright inverseof M. However,M~ belongsto Aq_ (n) insteadof
Aq(n).

Thus one can obtain thequantumgroupsGLq( n, C) andSLq ( n, C), as the Hopf
algebras generated by the matrix elementsM,~,i,1= 1, ..., n, such that the condi-
tion detqM~0anddetqM= 1, respectively,holds [FT2, Ml, W, CFFS]. The
antipodeis givenby theformula

y(detqM)=(detqM)1 . (1.24)

(Woronowicz [W} calls theseobjectsalsoquantumpseudogroups.)The above
notationis naturalsincefor q= 1 andassuming that M~becomecomplexnum-
bersoneobtainsthe standardcommutativeHopf algebrasof polynomial func-
tionson theclassicalgroupsGL ( n, C) andSL( n, C) with co-multiplicationand
co-unitgivenby (1.21) andtheantipodegivenby (1.24)with q= 1. Ofcoursein
the q= 1 caseoneworksusuallywith the groupsGL(n, C) andSL(n,C) them-
selveswithout referenceto this relatedHopf algebra(evenwhen oneconsiders
tensorproductsofgrouprepresentationswhichareby defaultgovernedby theco-
multiplicationstructure).

The quantumgroup SL~(n,C) is dual to the quantumalgebraUq(Sl(fl, C)).

This duality is manifestedin severalforms. The first is through the R-matrices
[cf. (1.12)].The R-matrix of Uq(sl(n,C)) in the fundamentalrepresentation
hasthe form [FRT]

R~=q~2~ E,
1~E11+ ~ E,e~E1j+(ql~

2_q_1/2)~ EIJ~~EJI. (1.25)
1 1,1=1 ‘,J~I

1>1

Now onemaycheckthatthe following relationholds:

R~M
1M2=M2M1R~, (1.26)

where M1 =Mt~I~,M2=I~c~M.
Conversely,onemaystartwith relation (1.26) imposingit on an arbitrary n x n

matrix M; thenone would obtain relations (1.20). This characterizesthe ap-
proachof Faddeev,ReshetikhinandTakhtajan[FRT}, for which the starting
point is formula(1.26)andthe Yang—Baxterequation(1.15).Their motivation
comes from theoriginal contextof thequantuminversescatteringmethod [FST,
FT 1, F], where the matrix M playedthe role of quantummonodromymatrix
(with operator-valuedentries)of the auxiliary linear problemand the Yang—
Baxterequationwasa compatibilityequationfor eq. (1.26).Following theirap-
proach,Faddeev,ReshetikhinandTakhtajan[FRT] havedefinedin a similar
way the quantumgroupsSOq(n,C), SPq(fl,C).
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2. Representationsof Uq(~)

2.1. VERMA MODULES AND THEIR IRREDUCIBLE SUBQUOTIENTS

The highestweightmodules(HWM) Vover Uq ( ~) [J1] aregiven by their
highest weight Ae~r andhighestweightvectorv0eVsuchthat

X~v0=0, i=l,...,l, Hv0=)~(H)v0,HeW’. (2.1)

We definea VermamoduleVA asthe HWM over Uq( ~)with highest weight)~e~W”
andhighestweightvectorv0e V

5,inducedfrom the one-dimensionalrepresenta-
tion V

0~Cv0of Uq(PI), where~ ~ areBorel subalgebrasof
~, suchthat Uq( ~Yjv0=0, Hv0=)~(H)vo,He,W’. (Notethatthe algebrasUq(~~)
with generatorsH,, X~areHopfsubalgebrasof Uq( ~) [Re1].) Thus onehas

VA~Uq(~)®L1q(~i)Vo~Uq(~)®Vo.

The representationtheory of VA parallelsthe theory of Verma modulesV(A)
over ~. [V(A) is definedas theHWM over ~ inducedfrom theone-dimensional
representationsof ~.]

We recallseveralfactsfrom ref. [Do 1]. The Vermamodule VA is reducibleif
thereexistsarootfleA~andmeff~Jsuchthat

[~L+p,/J”)—m]qp= [~+p)(Hfl)—m]qfl=0, f3”~2/3/(/3,/fl, (2.2)

holds.If qis not arootof unity then(2.2) is alsoanecessaryconditionfor redu-
cibility andthen it maybe rewrittenas

2(2+p,fl)=m(fl,fl). [In that caseit is
the generalizationof the (necessaryandsufficient) reducibility conditionsfor
Vermamodulesoverfinite-dimensional~ andaffineLie algebras.]Foruniform-
ity we shallwrite the reducibility conditionin the generalform (2.2). If (2.2)
holdsthenthereexistsavectorv~eVA, calledasingularvector,suchthat

v,#v
0, X~v~=0,i=l,...,l,

Hv~=~(H)—mfl(H))v5,VHe,W’.

ThespaceUq( ~ )v~is apropersubmoduleof VA isomorphicto theVermamod-
ule VA_mfl=Uq( )®v’o, where v’0 is the highestweight vector of VA_mfl, the
isomorphismbeing realizedby v~’—~1 ®v’0. This situationwill be denotedby
VA_~V

5-”4, i.e., we use the usual conventionthat the arrowsdepicting the
embeddingmapspoint to the embeddedHWM. The singularvector is given by
[Dol]

(2.3)

where,.9 ~, is ahomogeneouspolynomial in its variablesof degreesmn,,where
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n,e7L~comefrom /3= ~n
1a,, a, beingthesystemof simpleroots.The polynomial

~ is uniqueup to a non-zeromultiplicativeconstant.If (2.2) holdsfor several
pairs (m,/3) = (m,,fl~),i= 1, ..., k, thereareotherHWM modulesVA_m~4~all of
which are isomorphicto submodulesof VA. The Vermamodule VA containsa
uniquepropermaximalsubmodulejA~Among the HWM with highestweight).
thereis auniqueirreducibleone,denotedby LA, i.e.,

LA=V~t/IA. (2.4)

If V
2 is irreduciblethenL,= VA.

Supposethatq isnot arootof 1. Thentherepresentationsof Uq( ~) aredefor-
mationsof the representationsof U( ~), andthe latter are obtainedfrom the
formerfor q—~1 [R2, L 1]. ConsiderV2 reduciblewith respectto (w.r.t.) to every
simpleroot (andthusw.r.t. to all positiveroots):

[~+p, a,”) —mj]q,= [).(H,) + 1 —mj]q,=0, m•el\J, i= 1,..., 1, (2.5)

whereweusedp (a7’ ) = 1. ThenLA is afinite-dimensionalhighestweightmodule
over Uq( ~)andall suchmodulesmaybe obtainedin thisway [KiR2, KR1, R2,
Ll]. If we restrict Uq( ~) to its compactreal form Uq( ~k) thenthe set of all L

2
coincideswith the set of all finite-dimensionalunitary irreduciblerepresenta-
tionsof U~(~‘k).

Recently,De ConciniandKac [DK] havegivenaformulafor the determinant
of the contravariantform on the VermamodulesVA. This result implies in the
usual way the descriptionof irreduciblesubquotientsof V~’. In particular,this
confirmsresultson the embeddingsof the reduciblemodulesVA [Do 1] summa-
rizedpartiallyabove.

If the deformationparameterq is a root of unity the representationtheoryof
Uq( ~) differs very much from thegenericcase(cf., e.g.,refs. [L2, DK, Dol ]).

For thelackof spacewedo not discussthiscaseandwe referto the contributions
of Felderandof Cuerno,Sierra andGomezin theseProceedings(cf. also ref.
[Do2}).

2.2. SINGULAR VECTORS

The importanceof the singularvectorswas explainedin the previoussubsec-
tion. In thissubsectionwepresent,following ref. [Do4], thesingularvectorscor-
respondingto a classof positiveroots which we call straightroots.For lack of
spaceweshallrestrictourselvesto thecasewhenq isnot arootof 1; otherwisewe
referto ref. [Do4].

In order to introducethis classweshallneedthe Weylgroup W of thesimple
complexLie algebra~. Thegroup Wisgeneratedby the WeylreflectionsSa,acA,
of ,W’*, definedby Sa(2) ~).— ~, a” )a. Actually W is generatedby the simple
reflectionss, ~ ~i~<l,correspondingto the simplerootsa. Thusevery ele-
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ment we Wmaybewritten asthe productof somesimplereflections.Every such
productwhich usesaminimal numberof simplereflectionsis called a reduced
expressionor reducedform for w. Thenumberof simplereflectionsin thereduced
form is calledthe lengthof wandis denotedby 1(w). Note thattheremayexist
manyreducedforms for a fixed w. We shallalsoneedthe Weyldot reflectionswj).
definedby w).~w~+p)—p.Notethat if (2.2) is fulfilled andq is not a rootof
1 then).—m/1=s4~)..

It iswell known [B] thateveryrootmaybeexpressedasthe resultoftheaction
of anelementofthe Weyl group Wonsomesimpleroot. Moreexplicitly, for any
fleA~wehave:

~ , (2.6a)

andconsequently

~ , (2.6b)

wherea~is asimpleroot, andtheelementweWis written in areducedform. The
positiveroot/I is calledastraightroot if all numbers~, P1,P2,..., Pr in (2.6a)are
different.Notethat theremayexistdifferentformsof (2.6) involving otherele-
mentsw’ anda,,,~however,thisdefinitiondoesnot dependon thechoiceofthese
elements.Obviously,anysimpleroot is astraightroot. Other easyexamplesof
straightrootsarethosewhich aresumsof simpleroots with coefficientsnot ex-
ceeding1, i.e., /3= >~, na,, with n,= 1 or 0. All straightrootsof the simply laced
algebrasA1, D1, E1 areof thisform. In whatfollows we shallusealsothefollowing
notion.A root y’eA~is calledasubrootof y”eA~ if y”—y’#O maybe expressed
asa linearcombinationof simplerootswith non-negativecoefficients.

Forany~ it isenoughto considerroots for whichnk #0 for 1 ~ k~ 1. Any other
root /3’ maybe consideredas a root of a complexsimple Lie algebra ~‘ iso-
morphic to asubalgebraof ~ of rank 1’ <1, sothat /3’ = n , a~,andn . #0 for
1 ~ k~1’ (a ~being the simple roots of p’). Thus in thecaseof the straightroots
we shall consideralways thecasewhenu=l— 1, and {i1, ...~ i~,v} will be a per-
mutation of{l, ..., l}.

Let us have a Verma module V
2 over Uq( ~)as definedin theprevioussubsec-

tion. Letfl=n
1a1+n2a2+~~~+n,a1, wherenkE7L±,be a straightroot of the posi-

tive root systemA~of ~, andma positiveinteger.Let ).e ,W’* besuchthat (2.2)
is fulfilled with this choiceof/i andm, but is not fulfilled for anysubrootof/I.
Thenthesingularvectorof the Vermamodule V

2 correspondingto /3 andm is
given by:

inn,, in,,,,,

~ ck,...k,,(X,~)”’~(X,,,)’~~
k,=O k,,=O

X (X~ )“(X,T, )Icu...(Xi )kl®vo, (2.7a)
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— k,±•••+k~ (mn11\ (mn1~, ~
\ “i Iq,, \ ~u

x [().+p)(iij,)]q,, ... [~+p)(Rj,,)]q,,, (27b)

[().+p) (P1, ) k1Iq,~ [ ().+p) (R1,,) ‘“ku]q,,,

wheretheindices i1, ..., i,,, v comefrom the representation(2.6),andii’,, .. .1?,

arelinear combinationsof thebasiselementsH1 of theCartansubalgebra,W’ of
~, which canbecomputedexplicitly in all cases.This ispresentedbelow.

(1) ~I=A1,(a1,a1)=—1 for li—il = 1, (a,, a~)=
2ö,~otherwise.Thenevery

root fleA~is given by fl=/3
1~=a1+a,~1+..+a1±~_1,where 1 ~<i~l, 1 ~n

~<l—i+ 1. Notethat everyroot isstraight since

/

31,n=s
1(/31±1~)=s1”~s1±,,_2(a1±,,_1)=s1±~_1~”s1±1(a1)

=si±nl
5,±t+15i”~5j±t1(a

1±,) , 0~t’~n—1

wherewe havedemonstrateddifferent forms of (2.6) in this case.For A1 the
highestroot [31] is givenbyâ=a1+a2+~”+a1.

ThuseveryrootfleA~is thehighestrootof asubalgebraof A1 explicitly /3,, is
thehighestroot of the subalgebraA,, with simplerootsa, a1~1,..., a,+ — I. This
meansthatit is enoughto givethe formulafor thesingularvectorcorresponding
to thehighestroot. Thusin formula(2.7) with /3=à wehavenk= 1, 1 ~k~<l,and
forthesetsi1,..., i,,, vweobtainfrom~

(2.8)

~ JH~, l~s~t, 29

‘s_ ~ t+l~<s~<j=l—l, . )
H~Hl+H7+-+Hk, H’=Ht+H,I++Hk. (2.10)

(2) ~=D1, l~4, (a1,a1) = —1 for li—il = 1, i,j#l and for ij=l(l—2),
(a1, a~)= 2ô,~otherwise.First we notethatif n12+ n~_1+ n,~ 2 thentheroot/i is
a positiverootof a subalgebraof D1of typeA,,, n<I. Thusit remainsto consider
straightrootsfl1eA+ givenby /3, = a,+a1~1+ + a1. Notethat/3, is aroot of the
subalgebraD1_,~1with simpleroots a1, a1~1,..., a1. Thismeansthatin orderto
accountfor all roots/i1it is enoughto considerthe root

fl=fl1 =a1~

=s1”~s2(a1) =s1s2~~~s,_3s1_s1_2(a1)
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Thus in formula(2.7) with /3=flwe havenk=l, l~<k~~<1,andfor the seti1, ...,

v we give only the valuescorrespondingto the first representationof fi’ above,
namelywehave

{i1 , ..., i1_1 v}={l, 2, ...,l—3, 1—1, 1; l—2}

,~ JH~, l~s~l—3, 211
“ ~ s=l—2,l—1. )

(3) ~=E1, 1=6, 7, 8, (a1,a1~~)= —1, i= 1, ..., 1—2, (a3,a1)= — 1, (a1,a1)
= 2ö,3 otherwise.Firstwenotethat if n2 + n4+ n1 ~2 thenthe root/1 is a positive
root of a subalgebraof E1 of typeA,,, n<1. Analogously,if n2 + n4+ n1= 3 and
n1 + n5 ~ 1 theroot/I is apositiverootofasubalgebraof E1of typeD,,, n<1. Thus
it remainsto considerthestraightroot

/3=a1 +...+a1=s1s2sts1_1...s4(a3)

= 5~”~s2( a1)= s1s2s,_1~~s4s3( a1)

=s1s2s1s3.”s12(a1_1)

Thus in formula (2.7) with /i=$’we have~k= 1, 1 ~<k~l, and for the set i1,
i,,, vwegiveonly thevaluescorrespondingto the first representationofifabove,
namelywehave

{i1, ...~ i1_1 v}={l, 2,1,1—1,...,4; 3}

(Ha, s=l,2,
s=3, (2.12)

(Hi~~13~, s=4, ..., 1—1 ,

(2.13)

(4) ~=B1, l~2, (a1, a1) = —2if li—il = 1, (a1, a1) =2ô,3(2—ö11) otherwise.
The straight roots are of two types: /31~=a1+a1~1+”~+a1±,,_1,1 <~i<~l,
~
itive rootof asubalgebraof B1oftypeA,,, n<1 (with thescalarproductsscaledby
2 andq replacedby q

2). Thus we are left with two types of straight roots
/3, = ~ = a,+a

1~1+ + a1, 1 s~i <I, and/3~.As aboveit is enoughto account
for therootswith i= 1. Thusweconsider

=a1 +...+a1=s1~..s~_1(a1)

= a1 + ...+ a1 + 2a1
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We notethat

(fl’,fl’)=2, if”==2a~”+.”+2aj~1+a7’,
(if’if’)4 flv=~if=a~ +~“+a7’.

Thusin formula (2.7)with /3=/wehavenk= 1, 1 ~<k~<l,and

{i1, ..., i1_1 v}={1, ..., 1—1; l},

.R1,=iv, q,,=q
2, s=l, ...,l—l ; (2.14)

while for/3=fl” wehave~k= 1 +ökl, 1 ~<k~<l,and

{i
1, ...~ i1....1 v}={l, ..., 1—2,1; l—l} , (2.lSa)

~ {w~ s=l,...,l—2, q1~=q
2°”’~ (2.15b)

(5) ~ l>~3 (C
2~B2),(a,, a1)= —1 if li—il = 1 andi,j<l, (a,, a1) = —2

if ij=l(l— 1), (a1,a1)=2ö,1(1 +c5,1) otherwise.The straightrootsareof two types:

/31,,=a1+a,~1+~”+a1~,,_1,l~i~l,l~n’~l—i+l

/3’=2a1+~”+2a,_1+a1, l~i<l.

If i+ n— 1 <1 then/3,, is apositiverootofasubalgebraof C1 of typeA,,,n<1. Thus
we areleftwith twotypesof straightroots/31=/3,,1±1_1=a1+a,~1+ ~ +a,, 1 ~ i<1,
and/1 ~‘. As aboveit is enoughto accountfor therootswith i = 1. Thus weconsider

=a1 ++a1=s1~s2(a1)[=s1”~st_2s~(a,_1)]

if”=j3~’=2a1+“~+2a1_1+a/=sl”~sl_l(a,).

We notethat

($,/7)=2, if”=fl=a1’+...+a~1+2a7’,

(fl”,if”)=4, if”’=~if”=a~”+...+a7’.

Thus in formula (2.7) with/i=/I wehavenk= 1, 1 ~<k~<l,and

{i1, ..., i1_1 v}={l, ..., 2; l},

, q1~=ql±~~, s=l,..., 1—1 ; (2.16)

while for/l=$” wehavenk=2—ôk1, 1 ~<k~~<l,and

{i1, ..., i1_1 v}={l, ..., 1—1; l},

q1~=q, s=l,...,l—l . (2.17,)

(6) ~=F4, (a1, a1)=(a2, a2)=2(a3, a3)=2(a4, a4)=4 and (a1, a2)=
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(a2,a3)=2(a3,a4)= —2 arethenon-zeroproductsbetweenthe simpleroots.
We havestraightroots of typeA2: a1+a2,a3+a4,of typeB2: a2+a3,a2+2a3,
of typeB3: a1+a2+a3,a1+a2+2a3,of type C3: a2+a3+a4,a2+2a3+2a4.
Thusweareleft with thetwo roots

ff= a1 + a2 + a3 + a4 = s1s2s4( a3)

fl”=a1 +a2+2a3+2a4=s1s4s3(a2).

We notethat

(fl~if)=2, flv=if=2a~~+2a~~+a3v+a%,

(if~’if~’)4 fl~v~ifF~a~ +a2” +a~’+a%.

Thus in formula (2.7) with /3=/i wehavenk= 1, 1 ~ and

{i1, ..., i3 v} ={ 1, 2, 4; 3)

~ s=~2~ q1~=q
2_~~3; (2.18)

while for/l=jI’ we havenk= 1, k= 1, 2, ~k=2, k=3, 4, and

{i
1, ..., i3 v}={l, 4,3; 2)

s—23 q1,=q
1~”. (2.19)

(7) ~‘=G
2, (a1, a1)=3(a2, a2)=—2(a1,a2)=6. The non-simplestraight

roots are thetwo roots

fl’=a1 +a2=s1(a2) , if”=a~ +3a2=s2(a1)

We notethat

(~fl)=2, if”=if=3a1’+a2’,

(if”, /1”) = 6, if”’ =~if”= a~‘ +a~‘

Thusin formula(2.7) with 13=/iwehaven,,,= 1, k= 1, 2, and

{i1 v}={l; 2), .1?,, =H1 , q, =q
3 (2.20)

while for /3=/i” wehaven
1 = 1, n2= 3, and

{i1 v)= {2; 1) , R,, =H2 , q,, =q . (2.21)
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3. Duality

3.1. DUALITY BETWEEN HOPFALGEBRAS

Two bialgebras~‘, d aresaidto be in duality [A] if there exists a doubly non-
degeneratebilinearform

>:°llXd—+C, < , >:(u,a)i—~<u,a>, UE°11,aEd, (3.1)

suchthat, for u, yeohs, a, bed:

<u,ab>=<ô1,(u), a®b> , <uv,a>=<u®v,ö~,(a)> , (3.2a)

<1,,~,a> =~,,(a), (u, l,~>=~,(u). (3.2b)

Two Hopfalgebras°ul,d aresaidto be in duality [A] if they are in duality as
bialgebrasandif

(3.2)

It is enoughto definethe pairing (3.1) betweenthegeneratingelementsof the
two algebras.Thepairingbetweenanyotherelementsof W, d follows thenfrom
relations(3.2) andthe standardbilinear form inherited by the tensorproduct.
For example,supposeö(u)= >~,u®u~’,then one has

(u,ab> = <5,,,(u), a®b> = ~ <u®u’, a®b>

= ~ <u,a><u’,b> . (3.3)

3.2.MATRIX QUANTUM GROUPGLpq(2, C)

In this subsectionwe reviewthe two-parameterdeformationof GL (2, C) fol-
lowing ref. [DMMZ] (cf. alsorefs. [Ku, Su2,SWZ]). For moregeneralmulti-
parametricdeformationswerefer to refs.[M2, Re2,FZ,Si].

Let p, qeC\ {0}. Considernext 2 x 2 matricesM with non-commutingmatrix
elementswhichperformlineartransformationsof Rq(2 10) andR~(012), i.e.,

{x~,x}eRq(2I0), x=M,1x,, (3.4a)

{~,~}eR~(0I2),~=M,4, (3.4b)

assumingthat the elementsof M commutewith all x1, ~ andsummationover

repeatedindicesis understood.Let uswrite thematrix M as

M=(a ~). (3.5)
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Then implementationof (3.4) gives that the matrix elementsof M obey
[DMMZ]:

ab=p1”2ba, ac=q~2ca,

bd=q”2db, cd=p~”2dc,
q’~2bcp1~2cb, ad—da=(p~1”2—q “2)bc. (3.6)

Let usdenotebyApq(2)the bialgebrageneratedby the matrixelementsa, b, c,
dwith thefollowing co-multiplicationöandco-unit� [cf. also (1.21) for n= 2],

((a b’\\ (a®a+b®c a®b+b®d\
~k~c d)) = ~c®a+d®c c®b+d®d,)’ (3.7a)

((a bV\ (1 o\
~ d))”~0 l)~ (3.7b)

Further,aquantumdeterminantdetp,qMeAp,q(2) is definedas follows:

det~,,~M=ad—p— C2bc= ad—q-

=da_pI~’2cb=da_qU2bc, (3.8)

andthenwehave[cf. (1.23)]

ö(~=~®~’, f(~f)l. (3.9)

Thecrucialdifferencewith the one-parametercase,whichis obtainedforp = q
(cf. subsection1.3), is thatthe quantumdeterminantis not centralbut satisfies
thefollowing relations[DMMZ]:

[~, a]= [~, d]=0, p2~b=q112b~, q”2~c=p”2c2~’. (3.10)

Further,if ~ #0 oneextendsthe algebraby anelement~ obeying
(3.lla)

from which follows [DMMZ]:

[~1,a]=0, [~1,d]=0,

q”2~’b=p”2b~’1 , p2~1c=qU2c~f1. (3.llb)

Nextonedefinestheleft andright inversematrix of M [DMMZ]:

d ‘‘2b d

M=~1 (_q_1/2c a ) = (p_1/2c a ) ~ (3.12)

Supposethatthe bialgebraoperationsaredefinedon ~ — I Thenwe have

(3.13)

ThequantumgroupGLpq(2, C) is definedas the Hopfalgebraobtainedfrom



384 VK. Dobrev/Representations,duality, realforms

the bialgebraApq(2) extendedby the element2i’ ~ andwith antipodegiven by
theformula

(3.14)

Fromtheabovedefinition wehave

y(~)=~
1, y(~1)=~. (3.15)

For p=q one obtainsfrom GLqq(2,C) the quantum groups GLq(2, C) and
SLq(2,C), if the condition~“#0, and ~= la,, respectively,holds.

3.3,DUALITY ALA SUDBERY FORGLp,q(2,C)

In this subsectionwe reviewref. [DoS], wherewehaveappliedto Ap,q(2) the
approachwhich SudberyinventedforAq(2) Aqq(2) [Sul].

ForApq(2) weusethe basisgivenby all monomialsf=fklm,,=akdtbmcn,where
k, 1, m, n e1±,andf

0000= 1 ,~.We postulatethefollowing pairingsfor f= akd/blncn:

(3.l6a)

(3.16b)

(3.16c)

(3.16d)

Let usdenoteby ‘%~,,,,the bialgebradual to Apq(
2) andgeneratedby A, B, C, D.

Later we shall seethat 0/lpq hasthe structureof a Hopf algebrain duality with
GLp,q(2,C).

The following relationsholdas consequencesfrom (3.16):

(A,(a ~))=(~~),~ ~))=(~?)~ (3.17a)

(B,(a ~))=(~~), (C,(a ~))=(?~ (3.17b)

<Y,l,
1>=0, Y=A,B,C,D, (3.18)

/1 kAlj,m fl\...X ~~ c /—V,,,0(J,,0.

We would like to find the commutationrelationsbetweenthe generatorsof
ohlp,q.First weobtainthattheactiononf=a~~dlbmc~~of themonomialsin

011p,qwhich
arequadraticin thegeneratorsis givenby thefollowing:

k—I

<BC,f> ô,fl
0~5,,0~ (pq)U

1)/2+q 1/2~51ö,,~, (3.20a)
J=0
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i—I
<CB,f>=o~

0o,,0 ~ (pq)”
2+p112ö~

1ö,,1, (3.20b)
1=0

<AB,f>(k+l)ômiôno(k+l)<B,f> , (3.21a)

<BA,f>kömi~5no=k<B,f>, (3.2lb)

<AC,f> k~moöni=k<C,f> , (3.22a)

<CA,f>(k+l)~moôni(k+l)<C,f> , (3.22b)

<DB,f> lômiönol<B,f> , (3.23a)

(3.23b)

<DC,f> = (1+ 1 )ômoöni = (1+ 1) <C,f> , (3.24a)

<CD,f>=lo~0ô,,1=l<C,f> , (3.24b)

<AD,f>=<DA,f>=kMmoo,,okl<l~~1,f>. (3.25)

Thenwehave:

qh/
2<BC,akdlbmcn>_p~/~2<CB,akdlbmcn>

(1—k)/2 I
= pl/2_q_l/2 mO nO=

<[A, C],f>=—<C,f> , (3.27a)

<[D, C],f> = <C,f> , (3.27b)

<[A,D],f>=0. (3.27c)

Notethat relations(3.20)—(3.25) dependon theelementfbut thecommuta-
tion relations(3.27) do not. This is also true for (3.26); in orderto seethis we
needthefollowing formulae:

<As,a~~dlbmcn>=k~ômoö,,o,sei”~J, (3.28a)

<D~,a~~d~~bmcn>~ sei”J, (3.28b)

<r’~,akdlbmcn>=r”ô~~ô,,
0,r=p, q, (3.29a)

<r’~,~ =r’ö~0ô,,0, r=p, q, (3.29b)

whereweusetheformalpowerseries

r
3’=l,,

1+ k~I Yk(lnr)k/k!
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Thusweobtainthatthecommutationrelationsin thealgebra0&~p,qaregivenby:
( )(A_D)/2 1

q112BC—p”2CB= 1/2 _~ (3.30)

[A,B]=B, [A,C]=—C,

[D, B] = —B, [D, C] =C, [A, D] =0. (3.31)

Notethat the generatorK=A + D commuteswith all othergeneratorsof ~
Let usdenoteby ~ the algebraspannedby K.

Next we arelooking for the analogueof the splitting Uq( sl (2, C) ) ® U~( ~‘)

whichSudbery[Su1] obtainedin the one-parametercase.We try asimilarchange
of basis:

H=A—D, ~ q’ I/4BqiH/4, ~ q~l/4~q~H/4,

q’_(pq)l/2, (3.32)

andwe get the generatorsH, ~, ~‘ satisfycommutationrelations(1.7) and
(1.8) with 1=1, q

1 =q—i’q’, H1 =H, X7’ =1~±.
The factorsq’±l/

4 in (3.32) seemredundant,sincefactorsq’—~” for arbitrary
veCwill playthesamerole of thepreviousstatement.Theirsignificancebecomes
clearif wecalculatetheactionof the newgeneratorson akdlb~~1cn1,namely,

<Hs, al~dtbmc~~>= (k—l)5ö~
0ö,,0, <qiH a”d’b”c”> q~kIo,noo,,o, (3.33a)

<KS, a’~d’b”c~>= (k+l)
5örn

0ôn0, <qiK a”’d
1b”c”> qfk+Io ooo , (3.33b)

~ a”dtb”c~>=qi(l_k)/4o,,,i~5,,o (3 33c)

<i”, a”d’b’~c~>=q~(l_k)/4o,noo,,i . (3.33d)

Remark.Thus the two parametersaregluedtogetherin the commutationrela-
tions andtheactionofthenewbasisof thealgebra~hpq.This is in agreementwith
thegeneralresultofDrinfeld [D2] statingthattheq-deformationof U(sl(2, C))
is unique.However,weshallseebelowthatin the Hopfalgebrarelationsthe two
parametersarenot gluedtogether,sincein fact we areobtaininga deformation
of U( (gl(2, C)).

We turn now to the bialgebrastructureof 0llpq. The co-multiplication in the
algebra~ is givenby

(3.34a)

ö~(B)=B®p”~’2q”2+ 1 ,®B (3.34b)

ô~(C)= C®q’412p’°~2+ 1 ,
40C, (3.34c)

(3.34d)
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or in the newbasisby

(3.35a)

(3.35b)

ô~(X ) 5(±® (P/q)K/4q~H/4+q~_H/4®~±, (3.35c)

~,( ) ~ ® (q/p)K/4q~H/
4+q~H/4®~. (3.35d)

For the proof we use the duality property (3.2a),namely, we should have
= <ö±(Y),f

1®f2>,Y=A, B, C, D, for everysplittingf=f1f2.
Theco-unit relationsin %JJ.,~aregivenby

�,11(Y)=0, Y=A,B, ~ , (3.36)

whichfollowsfrom(3.l8),(3.32)and<u,l,,,>=~(u)[cf.(3.2b)].
Let usassumenowthat°li~is a Hopfalgebrain dualitywith GL1,,4(2, C).This

assumptionwouldbe correctif we candefineconsistentlythe actionof thegen-
eratorsof 0/1~on ~ andan antipodein %pq.We areevenin abettersituation
sincethe actionon ~ —1 andthe antipodemapin0/i~~areuniquelyobtainedas a
consequenceof the assumedduality.Namely,we havethat the actionof °l1,,,,,~,on
~ is givenby

<l~, ~~=l , (3.37a)

/(A B’\ ~~\(_l 0 337b)
\~C D)’ /~o -l)~ (.

To prove (3.37a) we use (3.2b) and (3.13): <1±,~>=.~(�~‘~)=l. For
(3.37b) weuseacorollaryof (3.16):

/(A B\ \ (1 0’\
\~C D)’~/~0 1)’ (3.37c)

andalso (3.18), (3.37a).
Nextweobtainthat theantipodemapin ~/1p,qis givenby

A B —A —B~
2D/2

~‘(C D) = (Cq~2p~2 Pq )~ (3.38)

Finally wecanstatethemain resultof ref. [Do5]:
TheHopf algebra°/4,.,~dualto GL~

4(2, C) by relations(3.16) is isomorphicto
U(pq)l/2(5l(2, C))®Up/q(.fi’) as acommutationalgebra,where~%is spannedby
K, andUr(~t)is spannedby K, r~’~

4.The subalgebraUp/q(.ft) is a Hopfsubal-
gebraof ~ the commutationsubalgebrageneratedby H, x±is not aHopf
subalgebra.

Forpq the dual algebrato GL
4(2, C) is U4(sl(2,C))®U(~”) as a tensor
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productof Hopfsubalgebras.For q= 1 the last statementreducesto theclassical
relation U(gl(2,C))=U(sl(2,C))®U(.~’).

4. Real forms

4.1. OVERVIEW OF THE PROCEDURE

In this sectionwe reviewandexplaina canonicalprocedureproposedin ref.
[Do6] for theq-deformationoftherealforms ~ of complexLie (super-)algebras
associatedwith (generalized)Cartanmatrices.Besidesseveralexamplesin the
textwemayreferthereaderto the lecturesof, e.g.,Lukierski,Nowicki andRuegg,
andalsoto refs. [Do6, Do7].

Let ~ beareal simpleLie algebra(belowwe shallneedto extendtheconstruc-
tion to realreductiveLie algebras).We shallusethe standarddeformationfrom
subsection2.2 for the simple componentsof the complexificationegC of ~ to
obtainthe deformationU4( ~) asarealform of Uq( (gC)

As in the undeformed case this means that there exists an antilinear
(anti)involution aof Uq ( ~) which preservesUq( ~). Unlike the undeformed
caseit is necessaryto considerboth involutionsandanti-involutions,sincethere
are two possibilitiesfor the deformationparameterq, i.e., either I qI = 1 or qeP.
For instance,U4 (su(2)) has I q I = 1 whenais an involution andqeP whenais
an anti-involution.Further,ais a co-algebra(anti)homomorphism,i.e.,

ô”a (aXa)o5, or ôoar (axa)°
5’

~(a(X))=~(X) VXeU
4(~).

Then the relations for the antipodeareaoy=yoa if ais an algebrainvolution and
aco-algebrahomomorphismor if it isanalgebraanti-involutionandaco-algebra
antihomomorphismand (aoy)

2=idotherwise [Sch]. Oneapproachto the real
formswouldbeto try to classifydirectly thepossibleconjugationsa.

Our approachis moreconstructiveandthe conjugationsaareobtainedas a
byproductof theprocedureproposedbelow.Thoughthe procedureis described
mostlyin termswhichareknownfrom theundeformedcase,wewill stresswhich
stepsarenecessitatedby the q-deformation.

Thefirst basicingredientof ourapproachrelieson the fact thatthe real forms
~ of a complex simple Lie algebra ~ arein one-to-onecorrespondencewith the
Cartanautomorphisms0 of ~. This allowsus to studythe structureof the real
forms andto find their explicit embeddingsas real subalgebrasof (gC invariant
under0, andconsequently,usingthesamegenerators,to find U

4( ~). This ingre-
dient is enoughfor the compactcasethoughwe still haveto specifythe rangeof
q.

Thesecondbasicingredientof our procedureis relatedto the fact thatareal
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non-compactsimpleLie algebrahas in general(a finite numberof) non-conju-
gateCartansubalgebras.Foreachchoiceofconjugacyclassof Cartansubalgebras
we get adifferentq-deformation.

The third basic ingredient is constituted by the Bruhat decompositions
~=d~V, whered isanon-compactabeliansub-algebra,.11 (areduc-
tive Lie algebra)is the centralizerofd in ~ (modd), anduT” and,~4”,arenil-
potentsubalgebrasformingthepositiveandnegativerootspaces,respectively,of
the root system (~,d). Consistently, the Cartan subalgebrasof ~ havethe de-
composition ,W’ =d~.W”, where ~W”is a Cartansubalgebraof ~#. A general
propertyof the deformationU4( ~) obtainedby ourprocedureis that U4(J1),

Uq( ~), Uq ( ~) are Hopf subalgebrasof Uq ( ~), where ~ = d~t~4”, , =

areparabolicsubalgebrasof ~. (All notionsarerecalledbelow.)
Our expositionis organizedasfollows. We fix a real simpleLie algebra~ and

its most non-compact Cartan subalgebra ,W~thenwepresenttheproceduresince
it is mostsimple in thiscase.Thenwe point out the modificationsnecessaryin
orderto considerCartansubalgebras.K of ~ which arenon-conjugateto ~. Un-
til thismomentwe consideronly the so-calledminimalparabolicsubalgebras~
(which are differentfor non-conjugate,çartansubalgebras).Next, for an arbi-
trary Cartansubalgebra,we extendthe procedurefor arbitraryparabolicsubal-
gebras.Finally we notethat we needto generalizethe wholeprocedureto reduc-
tive Lie algebras,whichis straightforward.

4.2. q-DEFORMATION WITH THE MOSTNON-COMPACTCARTAN SUBALGEBRA

First we recall somestandardfactson real semisimpleLie algebras.The basic
reference for that is ref. [B]. Let ~ be a real semisimple Lie algebraand1’ bethe
maximalcompactsubalgebraof ~. Then ~= ,W’tT~,9 is theCartandecomposition
of ~, the subspace,fI’ is non-compact.Let 0bethe Cartaninvolution in ~ so that
OX=X, Xe,W’,OX=—X,Xe,9.

Let d0 be the maximalsubspaceof ~ which is an abeliansubalgebraof ~ all
non-compactabeliansubalgebrasof ~ with maximaldimensionareconjugateto
d~r0= dim d is the real (or split) rankof ~. For different ~ the real rank r0
mayvary from 0 (then ~ is compact),up to 1= rank~ [then ~ is calledmaxi-
mally split, e.g.,sl(n, P), so(n, n), so(n+ 1, n),sp(n,OR)].

Let A°Rbethe rootsystemof the pair (~,d,~),alsocalled (d0-)restricted root
system:

A~={).ed~I),#0, ~�0},

~={Xe~I[Y,X]=).(Y)X, VYed~}. (4.1)

The elementsof A°~=A~7’uA~are called (d0-)restrictedroots; if).eA~, ~ are
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called (d
0-) restrictedroot spaces,dimR ~ ~ 1. Now we can introducethesubal-

gebrascorrespondingto thepositive(40~7’ ) andnegative(At) restrictedroots:

~
A~ 40±

~ ~=x~=o7’~, (4.2)
A~A ~‘

where.2’,~and ,X’~arethe direct sumof ~ with dimR ~= 1 anddimR ~> l~
respectively,andanalogouslyfor .iV~= 0Yi~.Thenwehavethe (Bruhat)decom-
positionswhichwe shallusefor ourq-deformation:

~ (4.3)

where.A”0 is the centralizerof d0 in ~W’,i.e., .,t~={Xe.fI [X, Y] =0, V Yed0}.In
general~ is acompactreductiveLie algebra,andwe shallwrite .A”~= ~1~’~~

where~ = ~ ,..#~]is the semisimplepart of~/10,and~ is the centre of~#0.
Note that i~ ~ .~ ~d0 0E~.4’~are subalgebrasof ~, the so-
calledminimalparabolicsubalgebrasof ~ for thatchoiceof Cartansubalgebra.

Further let .W’~’be the Cartansubalgebraof Ji~0,i.e., .W’~’= .W’~~ .~J’,where
~ is the Cartansubalgebraof J1~. Then~ ~*‘~‘ ~ d0 is aCartansubalgebra
of ~, themostnon-compactone;dimR ~=dimR .W’~ls+ dime 2t~’+r0.Wechoose
.*~ to bealsotheCartansubalgebraof U4( ~). Let ,W’~bethecomplexificationof
.*~ (l=rank ~=dim~ ,W”)~thenit is aCartansubalgebraof (gC and U4( ~

It is importantfor ourprocedureto chooseconsistentlythebasisofthe restof
~ and ~ andthusof U4( ~). For this we use the classification of theroots from
A with respectto ,~. The set

A~ { acAI a l~g~= 0

is called thesetof realroots,

4? {aeAI a I ~ =0}

the set of imaginary roots, andA~°~A\ (A?uA?) the set of complexroots. Thus
A=A? ~~A?uA?.Further, let aeA~,let ~ bethecomplexlinear spanofHa, Xa,

X_a, and let ~ n ~. ThendimR ,2~=3iffaeA? uA?. IfaeA?thenXaE~1C
and,2~.is non-compact.Sincethe Cartansubalgebrais ,~, thenXaE~W’Cand,2~,
is compactif acA?.Thealgebras2~. are given by

(P 11 V V ~ ,40± 44a
a 1. a, a, —aJ, r

~=rls{iHa,Xa—X.~a,i(Xa+Xa)}, ae4?~, (4.4b)

whererls standsfor reallinearspan.
Note that thereis aone-to-onecorrespondencebetweenthereal rootsaeA?

andtherestrictedroots).EA°Rwith dimR ~= 1 and naturallythis correspondence
is realizedby the restriction).= aI ~ Thus we take the elements in (4.4a),X~
for aeA?, also as elementsof U4(’~). Thesegenerators obey (1.11) and if
ae4?~nz1~also (1.14),andotherwiseasexplainedafter (1.14).
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In particular,formulae (4.4a)determinecompletelya q-deformationof any
maximally split real form (ornormal realform), whenall rootsarereal, .~ = 0,

,~=d
0,and(4.3) is reducedto

(4.5)

i.e., this is the restriction to OR of the standarddecomposition ~= ‘~

,W’C~ ~i ,andhenceUq( ~) is justtherestrictionof U4(~) toUR with qeER.Thus
we alsoinheritthe propertythat U4(7’~~d0)andUq(~.4~do)areHopfsubal-
gebrasof U4( ~), since U4( ~%~,W’c) are Hopf subalgebrasof U4( ~‘j. Note
thatahereis an antilinearinvolution andco-algebrahomomorphismsuchthat
a(Y)= Y, V Ye U4 ( ~C). For the classicalcomplexLie algebrastheseforms are
U4(sl(n,OR)), U4(so(n,n)), Uq(5O(n+ 1, n)), Uq(sp(n,OR)), which aredual to
the matrix quantumgroupsSLq(n,OR), SOq(n,n), SO4(n,n+ 1), Spq(n,OR), in-
troducedin ref. [FRT] from adifferentpoint of view thanours.

Furthernotethat the set of the imaginaryrootsA? maybe identified with the
rootsystemof.,. Thusthe elementsin (4.4b) givethe Hopf algebraUq(A~)

by the formulae:

[C~,C~’]= sinh(i~ha/2) [Ra,Cfl±C~,
sin( a! )

q,~=q(a.a)/
2elhn, (4.6a)

C~(j/~J~)(Xa+Xa), ~(l/~)(XaXa),

Ra~jHa, (4.6b)

ö(C~) = C,~®e’”~+e’1~°”~®C~, aeA~~4S~ (4.6c)

Since.,#~= ~ ~ .f1~’isa compactreductiveLiealgebrawehaveto choosehow
to do thedeformationin suchcases.Our choiceisto preservethe reductivestruc-
ture,i.e., writing in moredetail

~
I k

where...#~I’is simpleand ~ is onedimensional;thenwe shallhavethe Hopf
algebra

U
4(~..1f0) 0 Uq(Jf’6

1)® 0 Uq(~”),
j k

wherewe alsohaveto specifythat if fZ’~is spannedby K, then Uq(21’o”) is
spannedby K, q ±K/4~

In particular,formulae(4.6) (with haSP)determinecompletelytheuniqueq-
deformationof any compactsimpleLie algebra(whenall rootsof A are imagi-
nary). Here onemay take a as an antilinearinvolution andco-algebrahomo-
morphismsuchthat a(X~) = —X~,VaeA, a(H) = —H, VHe,,W’. Note that in
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this casethe q-deformation inherited from Uq( ~) is often usedin the physics
literaturewithoutthebasischange(4.6b).

Returningto the generalsituation,so far wehavechosenconsistentlythegen-
eratorsof .iY~~ d0~ff0~.V~[cf. (4.2)] as linear combinationsof the genera-
tors of

~
aEz1

0~40

Now it remains to choose consistently the generatorsof 5~”~and..JY~ as linear
combinationsof the generatorsof the rest of ~, i.e., of ~aEAO± ~a and

~aEA ~ respectively. If aeA?, 2=aI,~,
0,then dimR ~> 1. Let 42=

{aeAIaI~0=A}.If ae4?,then we haveXaYa+Za, whereYaC.~3~,Z~,E,)(C.

Now wecanseethat ~=rls{~a= Ya+jZa, VaeA2}. Theactualchoiceof basisin
~ is a matterof convenienceandis relatedto the choiceof aandq, andto the
generalpropertythat U4(,~18) andU4( .~) areHopfsubalgebrasof U4( ~).

4.3.q-DEFORMATIONSWITH ARBITRARY CARTAN SUBALGEBRAS

For the purposesof q-deformationswe needalsoto discussCartansubalgebras
.W’ which arenot conjugateto ~. Cartan subalgebras which represent different
conjugacyclassesmaybechosenas W’= .~d, where~ is compact,d is non-
compact,dim d<dim d0 if .W’ is non-conjugateto .~. [The dimensionsof .W(
and d may vary from 0 to dim /t’ evenfor afixed ~ e.g., for sp(2n, 2n) one has

= d~,.,W’ok= 0; however,thereexistsacompactCartansubalgebrawith ./‘

d=0.]
All notions introduceduntil now are easily generalized for ~W’=/t~$d non-

conjugateto ~. We notethe differencesandnotationwisewe drop all 0 sub-
scriptsandsuperscripts.Onedifferenceis that thealgebra.~#is the centralizerof
d in ~ (mod d) and thus is in generalanon-compactreductiveLie algebra
whichhasthe compact~ as Cartansubalgebra(besides,in general,othernon-
compactCartansubalgebras);in particular,if ~ hasa compactCartansubalge-
brathenfor thechoiced = 0 one has J/ = ~. For the purposes of the q-deforma-
tion we shallusethiscompactCartansubalgebra,i.e., we set ~ /~,. Further,
theclassificationof therootsofA with respectto ,W’ goesasbefore.Thedifference
is that if aeA, then ~. may be also non-compact.Thus for aeA, the root a is

calledsingular, aeA~,if 2~.is non-compact,anda is calledcompact,ae4~,,if ~
is compact.Thus Aj=ASUAk. Formulae (4.4b) hold for

4k, while for aeA~we
have

~~=rls{iHa,i(Xa—X~a),Xa+X.,s}, aeA~, (4.7a)

a a [Ra,S7’]RS7’,

sin(hj2)

q,,, q(a.a)/2s,,,eIhc~ (4.7b)
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S~(l!\/~)(Xa+Xa), S(~!~J~)(Xa_Xa),

~a~11a, (4.7c)

ö(S~)=S~ ~ aeA~nAg. (4.7d)

Furtheras before the setof the imaginaryroots in A may be identified with the
root system0fJ/sc Thus formulae(4.6) and (4.7) give alsothe deformation
U4(J/~).Since the centreof J/ is compact(it is in the Cartansubalgebra/t””
which is compact)thenthe deformationU4(~

m)is given as after (4.6). Thus
theHopfalgebraU

4(J/) isgiven. Otherwise, the considerations for the factors.A”
and ~ go asbefore.

4.4. q-DEFORMATIONS FORARBITRARY PARABOLIC SUBALGEBRASAND REDUCTIVE
LIE (SUPER-)ALGEBRAS

Until nowourdataarethe non-conjugateCartansubalgebrasW’= ~ and
therelatedBruhatdecompositions:

~ (4.8)

In thisdecompositiona specialrole in the q-deformationsisplayedby thesubal-
gebra i~=J/~d~X (or equivalently by its Cartan involution conjugate
~ =J/~dEB~~~).It is calledaminimal parabolicsubalgebra.A standardpara-
bolic subalgebraisanysubalgebragi’ of ~ suchthat ~ P1’. Thenumberof stan-
dardparabolicsubalgebras,including ,P4~and ~, is 2~,r=dim d. They areall of
the form P1’=J/’~d’~.iV”,J/’~J/,d’~d, ~‘V”c.íV;J/’ is the centralizerof d’
in ~ (mod d’); ,A~”(~‘=0,K’) is comprisedof the negative (positive) root
spacesof therestrictedroot systemA’~of (~,d’). Onealsohasthe analogueof
(4.2), (4.8):

(4.9)

Note thatJ/’ is a non-compactreductiveLie algebrawhich hasanon-compact
Cartansubalgebra/t”~ ~ where ,W~, is non-compact and d~.~®d’. This
Cartansubalgebra,W”

m of JI’ will bechosenfor thepurposesof the q-deformation.
Thusweneedto extendourschemeto non-compactreductiveLie algebras.Let

~= ~~Z’=i”EB~ be a real reductiveLie algebra,where~ is the semisimple
partof ~, .9% is the centreof ~ i”, ~ arethe + 1, — 1 eigenspacesofthe Cartan
involution G; ~“=d’~f%

1, is theanalogueof d’, ~= ~%n~. Theroot systemof
thepair (~,o~”)coincideswith A ‘R and the subalgebras 7’~”’and X’ areinherited
from ~. The decomposition(4.6) thenis

(4.10)

where ~ !,“~ ~r”~~PI~ i”. As in thecompactreductivecasewe
choose a deformation which preservesthe splitting of ~‘, i.e., U4( ~)=
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Uq (~)0U4 ( ~), andevenfurtherinto simpleLie subalgebrasandone-dimen-
sionalcentralsubalgebras.

Let usstressagainthegeneralpropertyof the deformationU4(~) obtainedby
the above procedure, which is that U4(JI0), U4(~), Uq(P1o) are Hopf subalge-
brasof Uq( ~).

All notionsaboveareeasilygeneralizedto the realformsof the basicclassical
Lie superalgebras[K], andthusourapproachis immediatelygeneralizedto the
deformationof suchsuperalgebras[Do6].

Theauthorwould like to thankProfessorAbdusSalamfor the hospitality and
financialsupportattheICTP. Thisworkwaspartiallysupportedby theBulgarian
NationalFoundationfor Science,Grant‘~b-11.
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